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Abstract 



We present an explicit method to perform similarity reduction of a Riemann- 
r^ . Hilbert factorization problem for a homogeneous GL{N,C) loop group and 

use our results to find solutions to the Painleve VI equation for A^ = 3. The 
T^ • tau function of the reduced hierarchy is shown to satisfy the cr-form of the 

C^ . Painleve VI equation. A class of tau functions of the reduced integrable hierar- 

chy is constructed by means of a Grassmannian formulation. These solutions 
provide rational solutions of the Painleve VI equation. 

(N 

>, 

^ ■ 1 Introduction 

O I One of main challenges in the study of integrable models is derivation of a tau 

'nI" I function providing solutions of the nonlinear partial differential hierarchy equations. 

^Q ' In this paper, we shall give a systematic and explicit construction of a self-similarity 

O ■ reduction of an infinite-dimensional integrable GL{N,C) hierarchy |ll |3], which 

in the case of A^ = 3 describes a three-component Kadomtsev-Petviashvili (KP) 
'k/< I hierarchy [13]. The self-similarity reduction yields the cr-form of the Painleve VI 

^ I equation for which we explicitly construct a class of tau function solutions. We adopt 

Grassmannian approach to derive tau functions in terms of determinants obtained 
from expectation values of certain Fermi operators constructed using boson-fermion 
correspondence [1]. In particular, we obtain a description of rational solutions of 
the Painleve VI equation in terms of Schur polynomials. 

In the context of soliton partial differential equations a self-similarity reduction 
is closely related to the scaling behavior of their solutions. To illustrate this relation 
let us examine an example of the modified Korteweg-de Vries (mKdV) equation : 

Ut — Qu^Ux + Uxxx = 



c^ 



which has a self-similarity reduction [10] : 

m(x, t) = {3t)-'/^f{z), z = x(3t)-i/3 . (1.1) 
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Substitution of such function u{x,t) into the mKdV equation yields the following 
ordinary differential equation 

/" = 2/^ + zf — a, a = constant , 

where ' denotes derivative with respect to the appropriate argument. We recognize 
in the above relation the second Painleve equation. It is of interest to point out that 
the single similarity variable z combines the two variables x and t in such a way as 
to ensure a scaling property : 



u 



{Xx,Xh) =X-\{x,t), (1.2) 



which characterizes function u{x, t) in the self-similarity limit. Alternatively one can 
reformulate the above scaling property as a linear condition {xd^ + 3tdt)u{x,t) = 
—u{x,t) being a special case of the so-called L_i Virasoro constraint. 

A common feature of soliton equations is that they are members of integrable 
hierarchies, each hierarchy forms an infinite sequence of evolution equations, labeled 
by their order. In the example considered above the niKdV equation is the first 
member of the mKdV hierarchy while the second Painleve equation is the first 
member of the the second Painleve hierarchy. 

The Riemann-Hilbert factorization problem serves the purpose of generating all 
evolution equations of the underlying hierarchy. For the purpose of this paper we 
will use the GL{N, C) Riemann-Hilbert factorization problem of the form : 

' Af oo \ 

5^5^;."E,,«(f) g{z) = e-\u,z)U{u,z). (1.3) 

vj=l n=l / 

A self-similarity reduction (to which we will also refer as a Painleve reduction) is 
implemented by restricting g : S^ ^ GL{N) to be of the special form : 

g{z)=z^goZ-i^, (1.4) 

where z- = diag(z^^, . . ., z'^'^) and z~^ = dia,g{z~f^^, . . ., z~^^). The reduction im- 
posed by condition (11.41) yields an integrable model parametrized by a set of con- 
formal (scaling) dimensions fii,^^ ,i = 1, . . .,N. The notation used in eq. (11.31) and 
definitions of the dressing matrices Q{u, z) and Il{u, z) will be explained in the next 
section. Here we only note that Eij is a unit matrix with matrix elements given 
by {Eij)ki = SikSji and that the homogeneous gradation defined by the gradation 
operator 

d= z—— 
dz 

is assumed. 

As seen below equation (11.21) generators of the conformal symmetry naturally 
enter discussion of the self-similarity reduction process. As indicated by (II. 2p an 
alternative mechanism to arrive at result of equation (11.11) involves restricting u{x, t) 
to be in the space of stationary solutions of an appropriate Virasoro symmetry 



generator [TOj [20] of the original hierarchy. In a related method, the same result is 
obtained by imposing constraints on the Lax and Orlov-Schulman operators entering 
string equation of the KdV hierarchy [22j, which when reformulated in terms of 
the wave-function can again be expressed as a linear constraint involving action 
of the Virasoro symmetry generator. This shows equivalence of introducing a self- 
similarity limit by either imposing a certain scaling behavior or a certain Virasoro 
condition. Below, in equation f l2.27p . we will show that the appropriate Virasoro 
condition £_i\E' = z/\E' given in terms of the Virasoro operator £_i, characterizes in 
an alternative way the reduction carried out in this paper. 

The idea of imposing a well-defined scaling behavior on dressing matrices to 
perform the self-similarity reduction of the GL{3, C) integrable hierarchy was already 
used recently by Kakei and Kikuchi [TJ] who established connection to 3 x 3 Fuchs- 
Garnier system [HI [11] (see also [TB]) and subsequently to 2 x 2 Schlesinger system of 
isomonodromy deformation flows known [121 EI] to be associated with the Painleve 
VI equation. In a related development, a one- dimensional reduction to the generic 
Painleve VI equation of the three- wave resonant system was constructed in [6] . Here 
we provide a direct and explicit construction relating the tau function of the reduced 
GL{3,C) hierarchy to the solution of the a-form of the Painleve VI equation (see 
eq. (^M> below). 

To set the work in context let us point out that the construction in this paper 
generalizes a simpler case of the three-dimensional Frobenius manifold of the two- 
dimensional conformal field theory. In that special case it was shown in [3] that 
the above construction with a much simpler choice of /i = diag(— //, 0, /i) and u = 
leads to the Painleve VI equation : 

d% I n ^ 1 ^ 1 \ rdyV /I ^ 1 , I \dy 



dt2 2\y y-1 y-tj\dtj \t t-1 y-tjdt . . 

, y{y-l){y-t) f t t-1 , ,t(t - 1) ^ 



t^it-iy { 'y^ '{y-\Y {y-tf 

with the Painleve parameters (a, /?, 7, 5) fully determined by a single conformal 
scaling parameter /i through : 

« = ^^— , /5=-Y, 7=y, ^ = ^-^ (1-6) 

Note that, in an equivalent parametrization of [9l [3], the Painleve parameters 
(«, /3, 7, S) take the following form : 

« = ^^^^, /3 = 0, 7 = 0, b = \. (1.7) 

The above restriction on the allowed values of the Painleve parameters (a, /?, 7, 5) 
no longer holds in a more general setting defined by 01. 4p and, as shown below, we 
find relations of the type 



a 



2 



2(l-(l + Z/i-/i3)') 



For g(z) as in (11.41) and A^ = 3 we will show that certain dressing matrix can be 
transformed by a matrix similarity transformation in such a way that it is determined 



by six variables Ui 



1,2,3, which only depend on one single variable 



,(2) 



,(1) 



,(3) 



,« ■ 



These six variables satisfy generalizations the familiar Euler top equations: 



d 

d_ 

di 
d 



^^2 



UJ1UJ2 
t{t - 1) 



t 



+ 



UJ2 

t' 



Z/3 - z/ij 



tit - 1) 



l^^a - J^2) 



d 

d__ 

di 
d 

di^' 



CU2 



1^11^2 
1-t 



t{t- 



1) + T^'^^ 



^1 



t t(t - 1) 



l^^s - ^2] 



and are constrained by a quadratic algebraic relation ^^ cUjCUj = —R^ with a constant 
R defined in (12.431) as well as a cubic algebraic relation given in relation (I2.52p . 

Equivalence is established between on the one hand the above system of equa- 
tions ( 11. Sp and the algebraic constraints for arbitrary values of scaling parameters 
Hi, i>i, -i = 1, 2, 3 and on the other hand the Painleve VI equation (II. 5p with the com- 
plete set of the Painleve parameters (a,/3,7,5). Explicit construction shows that 
the system consisting of relations 



^2^2 = /', cui^i = -f + (t- 1)/', 

between cj's and the tau function r represented by f(t) = t(t — l)d\ogT/dt and the 
algebraic constraints for cu's is equivalent to the so-called cr-form of the Painleve VI 
equation [T2] : 



da I , ,xd cr 



/da 

+ (d7 



2a 



<--)| 



+ 'yif2'y3'y4 



n 

fc=i 



where, for certain constants a, b, 



a 



t{t-l 



dlogr 
dt 



at 



da ^ 



:i,9) 



Note, that a similar relation between the tau function underlying the Painleve VI 
system and a appeared in [21] with different values of a and 6, which implies that 
our KP derived tau function differs from the tau function used in [21j. 

The cr-form of the Painleve VI equation exhibits a D^ root system symmetry 
in the parameters fi, . . .,^4, which are related to the general Painleve parameters 
(a,/?, 7, 5) through 



t^l+'y2 



^Fw, 



t^l-t^2 



27, V3 + Vi + 1 = Vl-2(5, v^ 



Vi 



2a. (1.10) 



Below, we will find the realization of the above parameters in terms of the scaling 
dimensions /x,, i/, , i = 1, . . ., 3. 

In the 3-component Clifford algebra setting the tau-function is explicitly realized 

as 

where, as explained below, the element Q3'^^Q2'^^Qi'^^ is related to z-, e^*'*"*: "*= 
to e^'-*^ '"''"fe and G\0) corresponds to goz~^ (cf. (11 ■4p ) acting on the vacuum 

|0) = 63 A 62 A ei A 2:63 A ze2 A 2:61 A ^^63 A 2:^62 A z'^ei A 2:^63 A ^^62 A 2^61 A 2;'^63 A ■ ■ • , 

where {6j}i<j<3 is a basis of C^. 

The paper is organized as follows. The main subject of Section 2 is a GL{N, C) 
hierarchy in the self-similarity limit characterized by the scaling parameters fi and z/. 
In the end of this section the cr-form of the Painleve VI equation is obtained for the 
underlying tau function and the parameters of the Painleve VI equation are related 
to the scaling parameters fi and z/. Section 3 develops an explicit Grassmannian 
realization of Riemann-Hilbert factorization problem leading to the tau function 
given as an expectation value within the 3-component Clifford algebra setting. Some 
background material about semi-infinite wedge space and Clifford algebra is also 
given here. Section 4 derives conditions satisfied by the tau function constructed in 
the previous section. In the next section. Section 5, the tau function is cast in the 
determinant form. The technical details of this Section are relocated to Appendix 
A. The wave matrix is calculated in Section 7. In Section 6 we describe an explicit 
example, which produces e.g. the solution 

_ -ZJg't^ + 3 Dsh^ + 2DiD2t'^ + 2DiD2t^ + 3DiH-Di^ 
^~ Di^ + 4 D2Dit- 6 01021"^ + ADiDst^ + DsH'^ ^' ' 

of the Painleve VI equation (11. 5p for arbitrary constants Di,D2 € C and the pa- 
rameters 

1 3 

a = -, (3 = —2, 7 = 2, and 5 = — . 



2 GL{N^ C) Hierarchy in the Self-Similarity Limit 

Let the Riemann-Hilbert factorization problem for GL{N, C) be defined as in equa- 
tions (II. 3p and (ll.4p with all higher flows Un , n > 1 set to zero. For nota- 



tional convenience we set Uj = uf \ j = 1,. . .,N and use the multi-time notation 
with u = {ui, . . .,un) to denote all A^ Uj-fiows. For brevity we sometimes denote 
dj = d/duj for j = 1, . . ., N. (Later on we will also use the notation u for all u\ , 
z = 1, 2, 3, . . ., /c = 1, 2, 3, when we do not put all higher flows u\ \ i > 1 to zero.) 
Equation (11.31) simplifies to 

exp I y ]zEjjUj g{z) = Q''^{u, z)U{u,z), (2.1) 




The dressing matrices 0, 11 in equation (12.11) have the following expansions into 
positive and negative modes with respect to the d gradation operator : 

Q{u,z) = l + e'^-^\u)z-^ + e^-^\u)z-^ + ... (2.2) 

Ii{u,z) = M{u){l + 'K^^\u)z + TX^^\u)z^ + ..) . (2.3) 

One derives from (12.11) the following expressions for the symmetry u^-flows : 

--Q{u,z) = -{ezEjje-^)_e{u,z) (2.4) 

OUj 

U{u,z) = {ezEjjB-^) U{u,z) (2.5) 



duj 



where (. . .)± denote the projections onto the negative and positive powers of z, 
respectively. 

We now choose g : S^ ^ GL{N) to be given by relation (11.41) so that the 
Riemann-Hilbert factorization problem becomes 

e'^ z^ go z-i^ = e-\u, z) n(M, z) 

N N N 



(2.6) 
j=i j=i j=i 



^ = J2 ^i^ii^ t = ^ /^i%' ^ = X] '^i^n 



where 5^0 is a grade zero element. The Riemann-Hilbert factorization problem (12. 6p 
leads to the Wj-flows of the same functional form as in (12. 4p and (12. 5p as they are 
not affected of the functional form of g{z). 

Applying the grading operator d on both sides of eq. (12.61) one finds for the 
negative and strictly positive grades: 

de = - {QzuQ-^)_ e - (0 z/0-i)_ e = - {QzuQ-^)_Q -Qu + uQ 

dn = {QzuQ-')^^Yi- (n/in-i)^^n ^^'^^ 

For the grade zero one obtains from equation (12.61) a consistency condition: 

{QzuQ-^)^ + (0 z/0"^)o - (n/iH-^)^ = {QzuQ-^)^ + V- M^M-^ = (2.8) 

It is convenient to define the unity I and the Euler E vector fields as: 

Note that from ([22]) and ([23]) one finds 

(z-^ - e) 0(m, z) = - (0z/0-^) _ = [z/, 0] , / (0) = . (2.10) 

Relation (12.101) implies the following scaling law for 0: 

Q{u,Xz) = X^Q{Xu,z)X-^. (2.11) 



From eq. (12.41) it follows quite generally for the diagonal elements of 6^ ^^ : 

where we introduced the "rotation coefficients" f3ij with i 7^ j as the off-diagonal 
elements of the 9^~^^ matrix : 

A,H = {0^'%M. ^ ^ J = 1, . . ., iV . (2.12) 

Thus, 

and accordingly we can express the diagonal elements of the O'^^^^ matrix as a deriva- 
tive of a logarithm of a tau-function : 

{e^'%, = -ddogT. (2.13) 

It follows that 

d,ddogT = -(3^,f3ji z^j = l,...,iV (2.14) 

For i = j in the above equation we get from eq. (12.41) : 






Jki 
kyii 



To summarize, we have found that 



From eq. (12.111) we derive 

^(-i)(m) = A^+^ e'^-^^Xu) X-^ (2.16) 

or for the matrix-elements of 9^^^\u) : 

E {e\;'^) = -(1 + u,- uj)e^'^ or e (a,) = -(i + z/, - i/,)a, (2.17) 

The above results also follow from eq. (I2.10p . In particular, for the diagonal elements 
of the dressing matrix one gets : 

E (^!r'^) = -Ol;'^ -^ E {di log r) = -di log r ^ diE (log r) = 

which amounts to 

E (log r) = const . 



Using eqs. fl2.14p and (12.151) we obtain 

N N 



E {di log T") = ^ Ujdjdi log r = - ^ Uj(3ij (3ji + tij ^ Afc (3ki 



N 

(n, . — n,:\ R.. r-i - 
J* 



- ^ {uj - Ui) pij j3. 



It follows from = diE (log r) = di log t + E {di log r) that 

N 



d, logr = -^J. ^^ = ^ (mj - Mi) Ai /^i 



Thus 

iV 

/ (log r) = ^ {uj - Ui) Pij Pji = 
and 



N N 

,,. (n, . _ ,,.^ /^.. /,.. 



E (log r) = ^ Mi^i log r = ^ m^ (mj - Ui) j3ij j3j 



-/5i2/?21 (Mi - M2)^ - As/^Sl (Mi - Ma)^ - /?32/523 (^3 " ^2)' 

V^i2V^2i + 1^13^31 + V^32^3 = ^Tr(V2) for iV = 3, 



(2.18) 



where we have introduced 

V = [e^-^^ , u] = (QzuQ-^)^ . (2.19) 

Matrix V reads in components : 

Vij = {uj - Ui)9lT'^ = {uj - Ui)Pij, i,j = l,...,N. (2.20) 

Thus we conclude that Tr (V^) is a constant. Below we will find that Tr (V^) = 

Applying the scaling law (12. lip to expressions (12.120 . (I2.13P we obtain scaling 
rules 

t{\u) = r{u), A,(Am) = \-^^+^^-^^^l3,,{u), (2.21) 

which are consistent with relations (12.171) . 

The similar scaling law for 11 can be obtained from second of eqs. (12. 7p . First 
using relation (12. 8p we obtain 

dn= {QzuQ-^)^Yi+ (ez/e-^)^- (n/in-^)^n, 

which leads to 

U-E\ n(M, z) = uU{u, z) - n(M, ^)/i (2.22) 
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consistent with the following scaling law 

U{u,Xz) = X^U{Xu,z) X~^. (2.23) 

From eqs. ([222]) and (ESSD it clearly follows that 

E{M){u) = M{u)fi-uM{u), M{u) = X^M{Xu) X-t^. (2.24) 

Define a wave matrix \1' as : 

<i/{u,z) = Q{u,z)e'^z^. (2.25) 

Then 

d ^ = ({Qizu)e-^)^ + jA"^ (2.26) 

and 

^^(z,t) = (ezE,,e-i)^^(^,t) 

Thus 

'd-E)<il{u,z) = iA'{u,z), (2.27) 



which ensures the scaling behavior \I/(m, A^;) = A- \l'(An, z). 

The operator on the right hand side was identified with the Virasoro operator 
C-i in [2J, where the corresponding left hand side of the Virasoro condition vanished. 

2.1 Reduction. GL(3,C) Hierarchy. 

From now on we set A^ = 3. 

The scaling law for the matrix elements of V reads 

Vijiu) = X'^-'^ VijiXu) 
In terms of the matrix V condition (12. 8p becomes : 

V+ u-MfiM-^ = (2.28) 

or 











VM = 


Mfi- 


vM = E{M) 


Eq. 


(2.2fi|) can 


be 


written 


as : 
d^ 


= {zu 


+ V + z/) ^ 


Furthermore 






5^ 

duj 


- = {zE,, + V,)<i^. 


and 










duj 














= VjM . 



(2.29) 
(2.30) 
(2.31) 



where we introduced a matrix 

V,^[0(-i),E,,], {y,),, = {5,,-5,,)e\;,'\ (2.32) 

which scales as in (12.161) . 

From compatibihty of the above equations it follows that 

d,V=[V,,V+v] 

djVi = d,Vj + [V, , Vi] (2.33) 

[V,E,,] = [V,, u] 

Also, since diagonal elements of \^ = [0^"^) , u] are zero, it follows from (12.281) that 

i^i = (M/iM-^) .. , i = l,...,N (2.34) 

Taking trace on both side we obtain a trace condition : 

vi + V2 + vz = ^ii + ^^2 + /is (2.35) 

The special case of /x = — /i, 0, jj, and u_ = Q was already considered in [3]. 
It holds that 

/(F) = 0, E{y) = [V,v\, E{M) = VM. (2.36) 

The identity I{V) = 0, shows that \^ is a function of two variables. Those can be 
identified with t and h given by: 

U2-U1 
t = , n = U2 — Ui . (2.37) 

U3 -Ui 

and thus V{u) = V(t, h). Making use of technical identities : 

dt 1.. ... dt 1. dt 1.2 



dui h ' du2 h ' (9^3 h 

one easily derives 

d t(t-l) d d d t d d d t^ d 



dui h dt dh' du2 hdt dh^ du^ h dt ' 

from which 



^-'i 



follows. 

Now, define 

where 



V = e^^°s'^ V{t, h) e-^^°^^' = [e^-^^ , u], (2.38) 

^(-1) = ^E^oghgi-l) ^-ulogh ^2.39) 
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has scaling dimension one. 
V satisfies 

^ _ f)Y 

E {V) = h— = [k,V]+ e^^°^^ [V , u\ e~'^^°^^ = 

Because of I{h) = it also follows that liV) = and, thus, the matrix ^ is a 
function of only one variable t: V = V{t). 
Similarly define, 

M = e^i°s'^Me-^'°s/^ (2.40) 

Then 

_~ - ^ ^ ^ (2 41) 

E{M) = {V + u)M -Mii = 

Thus, the matrix M is also a function of only one variable t (since it follows from 
flOT]) that /(A?) = 0) and we set M = M{t). 

We will use the following parametrization of matrices from eq. (I2.4ip 



V + u = MfiM-^ 



7^V = --[Vs,V + u], V, = [e^i"^'^ 0(-i) e-^'"^'^ , E,,] , 



Z/i to 3 -UJ2 

-U3 z/2 uJi (2.42) 

From the first of equations (12.331) we find 

dt t2 

which leads to equations (11.81) for the matrix elements from (12.421) . The basic ob- 
servation to make in connection with equations (ll.Sp is that the limit Ui = uoi is 
not consistent with these equations unless v^ = 1^2 = i-'i- In such limit V is skew- 
symmetric and M is orthogonal. 

Next, consider TiiV'^) = Ty{V^) = ^^cjjCJj. From equations (11.81) it follows that 

i 

in agreement with relation (I2.18p . A direct calculation gives from eq. (I2.28P 

Tr((y+ z/)2) =Tr(/i2) 

or 

Tr (V^^) = Tiiy^) = Tr (/i^) - Tr {1/) 

which indeed is a constant. 

In addition from the trace relation Tr((V^ + uY) = J2ii^i " '^^i^i) ^^ have a 
condition: 

ujiu)i + uj2U)2 + ^z^z = -T^ifJ'i + fA + f4~ ^1 ~ ^2 ~ ^3) = ^R^ 5 (2.43) 

where for convenience we have introduced on the right hand side a new constant R. 
Since the trace condition (12.350 holds, one finds for c G C that 

R' = l ((/Xl - C)' + (/i2 - Cf + (/X3 - C)' - (Z.1 - Cf - {U2 - Cf - (z/3 - cf) ■ 
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2.2 The tau function and the cr-form of the Painleve VI 
equation 

We can use matrices V and Vj to find an alternative expressions for derivatives of 
the tau function as: 



d,\0gT = ^TT{V,V), 



d,d,\0gT = -^TT{ViVj), 



J = 1,2,3, 



(2.44) 



These identities allow us to express the right hand side of (12.151) by cjj, cuj. First note 
that from eq. (12.201) rewritten in a "barred" version it follows that 



/5 _^3 



^ _^3 



A3 
^23 



tuJ2 

tuJi 



h{l-t) 



^32 



tu!2 
IT' 

tuJi 



Furthermore from 

1 



duidus 



d^ 



d 



h{l-t) 



d d 



duidu2 h"^ 






e 



dusdu2 h'^{l — t"^) 
follows that 



■'('-^>^^-(^-"l-'"(^-"^M 



d^ d d d 



log T = UJ2UJ2 

g2i 



*^(*-i)^^4^'"(''-^"il-S/. 



logr 






-t{t-if^-{i-tf^-Ki-tf^^^ 



logr 



dt ' ' dhdt 
Summing the right hand sides of (12.45^ and using (I2.43P we find 

92 



-tUsCUs 



UJlUJl . 



UJlUJi + U02i^2 + ^3^3 = h' 



dh^ 



logr 



-R' 



which leads to a separation of variables formula 

log T = R'^\ogh + log ro(t) 



(2.45) 



(2.46) 



(2.47) 



where on the right hand side we have introduced a single isomonodromic tau function 
To, which solely depends on single variable t. Let, 



f = t{t- 1) 



dlog Tq 
dt 
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Substituting relation (12.471) into equation (12.451) we arrive at a following parametriza- 
tion of cjj's in terms of Tq or rather /: 

uj2iU2 = f, uj^u^ = f-tf-R\ uj,LU, = -f + {t-l)f'. (2.48) 

Taking a derivative of (I2.48P yields 

t^ . ,(, _ i)l(i^ = _(( _ i)l(^ . ,(, _ 1,;" . (2,49) 

On the other hand from the generalized Euler top eqs. ( 11. Sp it follows that 

d(o;i(^i) d(w2^2) ., Muj^us) _ _ _ 

t — — — = t{t - 1) — — — = -(t - 1) — — — = t^icuacus + ^\^2^z ■ (2.50) 
at at at 

Thus 

t{t - 1) f" = LUiUJ2^3 + ^1^2^3 ■ (2.51) 

Take now the determinant oi V + u : 

3 

Det (V + Z/) = 1^11^21^3 + ^1^2^3 - to'iU;2Lo'3 + /J '^i^i^i = Det [fl) = /il/i2yU3 

i=l 

or 

3 3 3 

iJlUJ2UJ3 - '^\'^2'^3 ^ n ''^^ ~ n ^* ~ zJ ^i-'^i'^i- ' (2.52) 

i=l j=l j=l 

By squaring eqs. (I2.5ip and (I2.52p we obtain 

3 3 3 3 3 

t\t - \f iff = Al[u,LU, + l[^^^ + l[u^ - 2 J]/i,z/, + (5^z/.c.,cu,)' 

(3 3 \ 3 

U *"' ~ n '^M 5Z '^i^i^i 
i=l i=l J i=l 

= 4(-/ + (t-l)/')/'(-i?^ + /-t/') 

+ {l^^i-f +{t- 1)/') + i^2f' + i^si-R' + f- tnY 

- 2 ( n /x. - n z/, ) (z/i(-/ + (t - 1)/') + z/2/' + z.3(-i?^ + / - t/O) 



/' (tf - f? - if? {tf -f)+C, {tf - ff + C6 /' {tf - f) 

(2.53) 
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where coefficients : 

C5 = 

c& = 



Z/l - Z/3, 



(2.54) 



fA\ (_4i?2^2(z/2 - z/i) (z/1 - Z/3)) 
C7=(-^) (4i?' + (^i -^2)') 

C8= (--J (2 (z^a-'^l)) (/Ui/i2/i3 - '^l'^2'^3 + ^^3^^) 
Cg = ( -- j (2 (z/1 - Z/2)) (yUi /i2 /i3 - '^l'^2 Z^3 + ^^3 R^) 
ClO = (-7) (/^l/^2/i3 - «^lZ^2Z^3 + ^^3^^) 

were introduced to make it it more convenient to compare with the technical steps 
taken in [7] (see also [6]). We perform a change variable f ^ p as follows. We set 

f = tit-l)'-^ = p+at + b 
Thus /" = p", f = p' + CL and t f — f = t p' — p — b. Further we set 



-C5, 



b = C5 + -ce 



in order to eliminate terms with C5, Cg in equation (12.531) . This way we obtain for p: 

p' itp' - pf - {p'f itp' - p) 

+ Ai {p'f + A2 itp' -p) + Asp' + A^. 
where 



[t{t - I)? (p'f = -4 



(2.55) 



Ai = (-4) (C7 + C5 + -C6 
A2 = (-4) (cg - c^ - C5C6) 

A3 = (-4) ( Cg - C5 - -Cg - C5C6 - 2C5C7 j 

/ 3 1 1 

A4 = (-4) ( Cio + -C5C6 + -C5C6 + 4 + clcj - C5C8 - -C6C8 - C5Cg 



(2.56) 



Now we compare eq. ( I2.53P to the Jimbo-Miwa-Okamoto a-form of the Painleve VI 
equation (11.91) with 



Vl 



i(v/=2^+V^), t;2 = ^(v/=2^-V^) 

-(^V2^ + Vl-25-l), V4 = -(^-V2^+Vl-26-l 



(2.57) 
(2.58) 
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Expanding the products in (11.91) and dividing by cr' gives 



t\t - l)\(7"f + A 



a' ita' - af - {a'Y {ta' - a 



- 4t>it>2f3f4 {to' — o) 

(2.59) 



4 \ / 4 



Comparing with eq. (12.551) we see that the equations will agree for p = a and : 

4 
fc=l 

with f^, fc = 1, 2, 3, 4 being roots of the fourth-order polynomial x'^—Aix^+{A^ + A2/2) x^- 
A^x + A^/IQ. Plugging the values of Aj's from equation (12.561) into the above fourth- 
order polynomial leads to the following generic solution for its roots : 



vf = [-^ - /^^J ' ^ = 1' 2' 3, vi = [-^) ■ (2-60) 
To satisfy condition A2 = 4t>it>2f 3t'4 we choose 

Vi = — Hi, 1 = 1,2,3, v^ = — - — (2.61) 

and comparing with relation (ll.lOp we get (c.f. [^): 

^^_0^^aO^ _ (/ij - l^k? 

^ 2 ' ^2 

a=^^^^^, 5=\{l-{l + u,-^^.f), (2.62) 

with {i,j, k) = (3, 1, 2). Due to manifest 1)4 symmetry of the Painleve VI equation 
(11.91) any permutation of f 1,^2,^3,^4 as well as change of signs in front of even 
number of f j's in equation (11.101) will lead to other equivalent solutions. 
For example for solution 

V. = {-ly (^ -/..),. = !, 2, 3, .4 = ^ , (2.63) 

obtained from (I2.6ip by simultaneously changing signs in front of vi and f 3 we obtain 

P n 1 I 



2 ' '2 
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(^1-/^3)' , 1 



« = - T— , 5 = -[l-(l + /i3-z/3)'] . (2.64) 
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Furthermore, exchanging Vi ^^ v^ in equation fl2.6ip and next exchanging V2 <-> f 3 in 
equation fl2.6ip we get relation fl2.62p with {i,j, k) = (1, 2, 3) and {i,j, k) = (2, 1, 3), 
respectively. 

The relation fl2.62p compares well with the result found in [15] after inserting 
/i3 = —1, needed in [15] in order to establish equivalence with the system of 2 x 2 
Schlesinger equations. 

Note, that the relation (12. 6p is invariant under simultaneous transformations 
u ^ u + cl and fi ^ fj, + cl, with a constant c. It is indeed easy to confirm by 
checking all the above expressions for the coefficients Vi,i = 1, . . .,4 that they are 
left invariant under Ui ^ Ui + c, fii ^ fii + c for i = 1,2, 3. This fact will be used 
later below eq. (13. 7p . 

Ai,i = 1, . . . , 4 can also be expressed directly in terms of the Painleve parameters 
a, P, 7, 6 via relation (1 1.1 OP as follows 



A^ = -(3 + ^ + a~6- Vl-26 + 1 
A2 = {P + -f)[a + 6 + Vl^^26 - 1) 

A3 = {p- 7) (-a + 5 + v^r^25 - 1) + i (^-« - (5 - VT^^ + /? + 7 + 1 

^4 = -^ (/9 - 7) (" + 5 + v^r^25 -ly + ^{P + -ff(a-6- VT^^ + 1 

(2.65) 

According to [21] the solution y to the Painleve VI equation (I1.5P is obtained from 
a via relation: 

y = ^ ((^3 + v,)B + (^ - v,v,^ C^ , (2.66) 



d(T 2 \ I dcr 2 



where 

B = t{t-l)— + {Vi + V2+Vs + V4)—-{ViV2Vs + ViV2V^+ViVsV4 + V2VsVi) (2.68) 

and 

C = 2 ( t— - a J - (■uit;2 + Wifs + ^11^4 + V2V3, + V2V4^ + 1)3^4) . (2.69) 

3 Construction of the tau function 

In this section we will construct the tau function discussed above. We will follow 

1 

[13], and introduce a semi-infinite wedge space F = A2°°C°° as the vector space 
with a basis consisting of all semi-infinite monomials of the form Vi^ A f tj A ^13 . . ., 
with ij E ^ + Z, where ii > i2 > i3 > . . . and i^+i = i^ — 1 for £ >> 0. Define the 
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wedging and contracting operators ip^ and ■?/': (j G Z + |) on F by 

, , , N I if — i = is for some s 

y (-l)^^ii Avi^--- AVi^A t;_j A v-,^^^ A ■ ■ ■ if i^ > -j > i^+i 

[ if j 7^ is for all s 

W; [Vi, /\ Vu /\ ■■■) = { , , , , 
^^' ' |(-l)^'+VAt;i,A---At;i^_,At;i,^,A--- ifj = i,. 



These operators satisfy the following relations (i, j G Z + i, A,/i = +, — ): 

^iVf + ^fV^f = 5a,-Ah, (3.1) 



hence they generate a Clifford algebra, which we denote by CL 
Introduce the following elements of F {m G Z): 

\m) = t;„„i A v^_3 A t;„_| A ■ ■ ■ . 

It is clear that F is an irreducible C£-module such that 

^±|0) = Ofor j >0. 

Think of the adjoint module F* in the following way, it is the vector space with a 
basis consisting of all semi- infinite monomials of the form . . . A f 13 A f jj A f ^ , where 
h < h < h < ■ ■ ■ and i^+i = i^-l- 1 for £ >> 0. The operators ip^ and ip' (j G Z+ |) 
also act on F* by contracting and wedging, but in a different way, viz.. 



{■■■Av,,AVi,)^. W n.+i 



if j 7^ is for all s 

(-1)"+^ ■ ■ ■ A Vi^^, A Vi^_, A ■ ■ ■ Via A Vi, if is = j 

if — j = is for some s 



(• • ■ A fi2 A fijV^j" , 

' (-1)^ ■ ■ ■ A Vi^^, A t;j A t;i^ A ■ ■ ■ t;i2 A v^, if is < -j < is+i- 



We introduce the element {m\, by 

{m\ = ■ ■ ■ A v.^.^5 A v^^a A V. 
such that 



m+l '^ "^m+l '^ "^m+i ' 



(0|^f = for j <0. 
We define the vacuum expectation value by 

(0|0) = 1, and denote (A) = {0\A\0) . 

We next identify C°° with the space C[z,z~^]'^ as follows. Let {ei}i<i<N be a 
basis of C^, we relabel the basis vectors Vi 

v^ =z ^Cj = t;^j_1(^_2j+i)' (3-2) 
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and with them the corresponding fermionic operators (the wedging and contracting 
operators): 

„/ ±(i) ^ „/,± 

^« ^Nt±l{N-2j+l)- 

Note that with this relabehng we have: 



and 



ijp^'^lO) = Ofort>0 



|0) = z'^Cn a z^Cn-i a ■ ■ ■ a z°ei A ze^ A zcn-i A ■ ■ ■ A zei A z^Cn A z^Cn-i A 
Introduce the fermionic fields (0 7^ A G C): 



tez+i 



Next, we introduce bosonic fields (1 < i < n): 

aW(A) = ^afX-''-^ =: ^+«(A)^"^'HA) :, 

where : : stands for the normal ordered product defined in the usual way (A, /i = + 
or — ): 

•^* ^' -j-^^^Vf^ if[<0. 

One checks (using e.g. the Wick formula) that the operators a^ satisfy the canonical 
commutation relation of the associative oscillator algebra, which we denote by 0: 

[af.a-^^] = k6ijSk-e, 

and one has 

aj^ \m) = for A; > 0, {m\aj^ = for A; < 0. 

In order to express the fermionic fields ^"^^^^X) in terms of the bosonic fields a^^\\), 
we need some additional operators Qi, i = 1,2, . . . ,N, on F. These operators are 
uniquely defined by the following conditions: 

Q,\0) = ij^_f\0), Q.ijf^'^ = (-1)^^^+V31Q.. (3.3) 

They satisfy the following commutation relations: 

QiQj = -QjQi if i 7^ j, ["i , Qj] = SijhoQj- 
We shall use below the following notation 

\h,k2,...,kN) = Ql'Q'2'---Q%''\0), {k,,k2,...,kN\ = {0\Q-J'''---Q,''Q^'\ 
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such that 

(/ci, k2,..., k^lh, k2,..., k^) = (0|0) = 1 . 

One easily checks the following relations: 

and 

Qf\k,, k2,..., k^) =(-)'=i+'^2+-+'=-i |fci, A;2, . . . , fc,_i, h ± 1, fci+i, . . . , fciv), 
(fci, A;2, . . . , A;^|g,f 1 =(_)fci+A:,+...+/c,_, ^^^^ ^^^ _ _ _ ^ ^^_^^ ^. ^ ^^ ^^^^^ . . . , fc^rl . 

These formulas lead to the following vertex operator expression for ^/^^'•^•'(A). Given 
any sequence s = (si, S2, • • • ); define 



r2)(.)=exp J].,a21 



,fc=i 



then (see e.g. [8], [TTj) 



^^«(A) = gf A±"^^' exp(T Y. \^>^") ^-P(T E ^"i'^ 



{i)\-k^ 



k ' ' "^^ ^ k 

k<0 fc>0 



Q±U±""r«(±[A])r«(T[A-i]), 



where 
We have 



7(s,s') 



e 



E™ «",«;, 



Note that 






(3.4) 



where [A] = (A, ^, ^, • • •)• Note, that 

rj^(s) l/Ci, ^2, . . . , kn) =\ki, ^2, • • • , fcn) , 

{ki, k2,..., kn\ r^^(s) =(A;i, A;2, • • • , ^nl • 
Also observe that 

T^i\s) rL'^(s') = 7(s, s'Y^'^ T^^\s') T^i\s) , (3.5) 



r^i\s) ^+'^^\X) = 7(s, [A±^])'5^-^ ^+W(A) r^^s) , 

r^Hs) ^"('H^) = 7(s, -[A^^'])"^^-^ V^-(^)(^) r^^s) . (3.6) 

7(t,[A])=exp| Vt„A"| . (3.7) 



Assume from now on that A^ = 3. In the 3-component setting we will construct 
the element goz~f^ (cf. (11.41) acting on the vacuum |0). It is obvious, see e.g. 
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that this element in the orbit will satisfy the 3-coniponent KP-hierarchy. To obtain 
the most general construction, we do not assume any order in the size of the /ij. But 
we do the following. Since (12.61) is invariant under simultaneous transformations 
u^u + cl and fi ^ fi + cl, with a constant c, we subtract such a constant c from 
all fii and z/j such that all fii become non-positive. Define 

mi = max{— yUj} 

and choose m2 and m^, in such a way that 

■mi>m2>ms>0 and {mi, 7712,7713} = {-;Ui, -/i2, -/is} • 

In fact one can choose c in such a way, without loss of generality, that m^ = 0, 
however we will not do that. 

We start with an example. Take — /ii = mi = 3, —/is = 7/12 = 2 and — /i2 = 
7ns = and note that the vacuum is equal to 

|0) = 63 A 62 A ei A zes A 2:62 A zei A z^Cs A 2:^62 A z^ei A z^es A z^e2 A z^ei A z^es A • • • 

Now let G act on this. Set 

5fo(ei) = w^^\ 5(0(62) = w^^\ 5fo(es) = w^'^K 

thus G = QqZ^- acting on the vacuum gives 

GIO) = ^^U;(^)Aw(3)/\^3^(1)/\^3^(2)/\^^(S)/\^4^(1)/^^4^(2)/\^2^(S)/\^5^(1)/\^5^(2)/^^3^(3)/\^6^(1)/\. . 

Now permute the elements infinitely many times, this gives up to a sign, 

G|0) = ±W;(3)Azti;(3)Az2^^(3)/\^2^(2)/\^3^(l)/\^3^(2)/\^3^(3)/\^4^(l)/\^4^(2)/\^4^(3)/\. . . 

Up to some multiplicative scalar K, which might be an infinite constant, this is 
equal to 

G|0) =fCw(^) A zw^^^ A z'^w^^'^ A z^w^^'^ A z^e^ A z^62 A z^d A ^"^63 A ^'"^62 A z^ei A ■ ■ ■ 

=L0|(='Vl^'Vt^'Vt^'^ (^'es A z^e2 A z'ei A ^^63 A z% A z% A ■ ■ ■ ) 
2222 

=M0fVfVfVf^|-3,-3,-3), 



where 



-« = w?^:'^'^ + w^^^pp'^ + ^?V+('\ ^ e ^ + z 



and 

u;»=(^«,^«,^«), z = l,2,3. 

Since we want to avoid infinite constants, we do not consider the element (70-2"- 10), 
but rather 

G|0) = Cii^S, ■ • • C^jCijCi, • ■ ■ C^ I - '"I. --. -»■) . (3.8) 
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Let (z/i, z/2, t's) G 1? , we decompose the element GlO) as 

<^|0) = 5Z ^(^l'^2,'^3)kl,I^2,'^3), (3.9) 

then 

Using the boson-fermion correspondence a as in e.g. [Hj, [I3] or [IB], we can express 
g{iyi, z/2, z/3) in terms of of the u\ , i = 1,2,3, ..., k = 1,2,3 viz. 

a{G\0)) = ^ r(z/i,z/2,z/3;u)|z/i,z/2,z^3). (3.10) 

We use the notation m^'^) for all m^ , z = 1, 2, 3, . . ., and u for all u^ , z = 1, 2, 3, . . ., 
k = 1,2,3. Note, that we do not put all higher flows u} , i > 1 to zero yet. Now 
any r(z/i, z/2, z/3; u), with all higher times ui , i > 1 set to zero, will turn out to be 
a tau function of the Painleve VI equation. 
One has 

r(z/i,z/2,z/3;u) = (z/i, z/2, z/3|eS».^"'''^i''G'|0) = {0\Q^'"-'Q^'''Q^'''e^^^>="'''^''^' G\0) . 



In this 3-component Clifford algebra setting the element Q^ ^Q2 ^Qi ^ is related 

r- and e^'.'= "'= " 
First note that 



to z^ and e^''" "'= "'= to e^-^-" ^ ^'^'^^^ 



and that 

00 

j=0 

here the Sj{t) are the elementary Schur functions. Also 

gZ^i.fc °fe "fc I _ jjj_^^ — ?T7,i, —mi) = I — TTii, —mi, —mi) . 

Next, let e^*'*"*: "»= act on the element (13. 8p . This gives 

G(u)|0) : = 

y ■ I ai'Ki'^ i+{3) ,+{3) ,+{3) ,+{2) ,+{2) ,+{2) , \ 

(3.11) 



where 



3 mi-| 

^^^^V) = E E ^i^v;^"^^,-.(«^"^) . (3.12) 

a=l jf=fc 
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Next we let Q2,'^^Q2^^Qi^^ ^^t on the element (13.111) . This gives 
G(z.; u)|0) :=g3-^^Qr^Qr"Cfii (u)0;fj^J^ ■ • ■ 

(3.13) 
Then 

r(z/;u) = r(z/i,z/2,i^3;u) = (0|G(z/; u)|0) = {^7' Q2''' Qi"' ^ 

Define 
then 

3 mi-| 
a=l 7=£ 



3 '"1-5 
a=l j=£ 

3 mi+Va-\ 
a=l J=£+!ya 



(3.14) 



u' 



.(«)) 



and 

V3 V2 Vl |— ^1, — 'TT'l, — "^1/ — (, — J |— mi — I/i, — mi — 1/2, — 'TT'l— 1'3/ ■ 

Thus 

G(i/; u) |0) = (_)-i-.+-i-.+'^i-3+...3^+(3) ^ (^. u)^+(3)feu) . . . ^+(3) ^ (^. ^^ ^ 

(3.15) 
<^i!,+ 1 (^; ")<^m2+| (^' ") ■ ■ ■ '^mi-i (^' u) I - mi - z/i, -mi - z/2, -mi - Z/3) 

and 

r{u:, u) = (-)--+--+--+-- (O|0+(;_),(z.; u)0+f|3 fc u) ■ ■ ■ ^,{1^ u)x 

(3.16) 
<^^l+i (i^; ^)<^il+| (^5 u) . ■ ■ 0;J^^^^\ (i^; u) | - mi - z/i, -mi - z/2, -mi - z/3) . 
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Let p = inax{mi + z/j}, then it is a straightforward calculation to check that 

G{u; U)|0) = (_)3P(P+l)+^'«i^2+™iP+P^2+^ii^2+i^i^3+i'2^3 0+(3) ^ (^. u)0+(3) 3 (zy; u) ■ • ■ 

(3.17) 
Note that in the expression (13.171) one of the terms (and possibly more) 

W,+(^) W,+(^) . . . W,+(*) 

does not appear, viz. the term for which p = mi + z/j. Also 

I - 3p) = iQi'Q^'Qs'riO) 

= w_3p-i A v_^p_i A t;_3p„| A ■ ■ ■ . 
Hence, it is possible to express the tau function as a 3p x 3p-determinant. 

4 Conditions satisfied by the constructed tau func- 
tion 

First we observe by using (13.141) and (13.161) that 

t{K', u) = if J^l + Jy2 + 1^3 7^ -^l - "^2 - "I3 = yUl + /i2 + /^3 , 

or one z/j < —mi , (4.1) 

or one z/j > —7713 . 

Note that these equations (14.11) define the complement of a convex polygon in the 
plane xi + X2 + X3 = fJ^i + fi2 + /^s- In other words, if one defines supp r, the support 
of r, those z/ G Z^ for which t{u; u) 7^ 0, then supp r is within a convex polygon 
(see also [13]). 

From (I3.14P we deduce that 

3 f^l+Wf,,.^ 3 mi+^a-f 






0=1 '^'"1 a=l j=£+!ya '^^-'l 



3 mi+Ua~^ 
a=l j=i+Ua 

0tJ?fcu). 



23 



Also observe in fl3.14p that cp ^^ i (]^; u) = . Hence from the exphcit form of (13.161) , 
we conclude that 

a=l du\ 

There exists a natural gradation on this Spin module with times m^ , which we 
denote by deg. This gradation is the sum of two separate gradations, a u-gradation 
degy, which is given by degj^uf) = i and a fermionic gradation degj, which is 

defined by degJ{^p^ ) = —6. So 

deg = deg^, + deg^ . 

Now, 

deg,(5,(«(")))=j 

and the u-gradation is related to the Euler vector field E, viz. for a homogeneous 
function / one has 






a=l i=l 

Since, deg |mi,m2, ms) = ^ {ml + 1711 + ml) ^^^ d^s4'k — ~^i i^ i^ straightfor- 
ward to show that degGlO) = \ {m\ + m^ + ^1), (see (13. 8p ). Thus, we see from 
fra that 

deg5f(i/i, z/2, z/3) = degG|0) - deg |z/i, z/2, z/3) = -{m\ + ml + ml- vl - ul - z/3) , 

which by (I2.43P is equal to B?. Hence, using (I3.10p . we find that 

deg,(r(z/;u)) = i?2. (4.3) 

Hence we can conclude that 

3 00 o / \ 



If one then puts all m^ , for alH > 1, in T{ir^ u) equal to zero and writes r(z/; u) for 
this tau function, equation (14. 4p reduces to 



3 



(a)dT{u;u 



E{r{u-u)) = Y.^^r-^^ = R"<^-^^) ■ (4-5) 



(97/ ^"^ 
a=l i^"l 
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5 The tau function as a determinant 

Recall from (13.21) that Vj = f3j_2+a- In analogy with (13.141) we define 

3 mi+i/a-| 



a=l j=l+Ua 



3 mi+Va-\ 
a=l j=i+Ua 



(5.1) 



Hence, from (13.171) we obtain that 

G{U- U)|0) = (_)5P(P+l)+™i^2+miP+pv2+^iV2+^ii.3+^2^3^+{3) (^. ^) ^ ^+(3) ^^. ^^ ^ 

I't'S I o ''''3 ~r n 



A t;+('^ 1 (z/; u) A t;^^'^ ^ (u; u) A t;+^'^ 3 (^^; u) ■ • ■ A v^^^> , (u; u) A v^^> , A 



A v^^\ A t;^^^ 1 A ■ ■ ■ A f ^^\ A t;^^^ 1 ■ ■ ■ A t;^^\ A t; o„ 1 A t; o„ 3 A 

P— i mi +1^0+1^ D— ;^ mi+i/3+T^ v—-k ■^P 0. ■^P 9. 



(5.2) 



Using a formula from [14j, viz. (4.48), we find that 

r(zy u) = f—)|p(p+i)+™i'^2+mip+pj^2+i'i 1^2+1^1 i^3+i^2i'3 (^g|-('^^ 

where A is the following 3p x 3p matrix: 



mi—ms 3 mi+uj^ — l 



^= E E/^'^(^) E Vr.3-..-m(«^'^)i^-.^-.. ^ ^-.1 



i=l fc=l j=0 

mi— m2 3 mi+!/fc — 1 

+ E E/f (^) E 5.-2-..-.+l(«^'^)^-3,+.-I,m3-m.-.+ i 
j=l fc=l j=0 

p— mi— i^i 

+ 2_^ -^-3(mi+!/i+J)+i,m3+m2-2mi + i-i ^ ' ^ 

i=l 
p— mi— 1/2 

~r / ^ -'^-3(mi+;/2+J)+|,m3+m2-mi-p+i/l + i-i 
i=l 
p~mi-i^3 

"•" / ^ -'^-3(mi+!^3+i)+|,m3+m2-2p+i/i+i/2 + 5-J ' 

Now replacing the indices such that E_i _,• becomes E-.i • , 1 and using some ele- 
mentary matrix operations, see appendix [X] for the explicit calculations, we obtain 
that 

r(z/; u) = (_)™i'^2+^iz.2+z/ir^3+^2^3 det(E) , 
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where 

mi+ui 



P _ (3) V^ 77. _l_ 



mi— 013 / mi+U2 






W3 



mi +1/3 
(3) 






min{mi +vi ,mi—m2 } 

/ ^ -'-'2ml— m2—m3— J +1,27711— m2—m3—j+l~r 



(5.4) 






mi+i^2 



/ ^ I "^2 / ^ '-'j-m2-i^2-«\"' " )-'^mi+h>3+j,~m3+mi+i^ 

i=l \ j=l 



"^3 / ^ *-^j— m2— i^3— « v"" "" J-'-'j,—ms+mi+'i 



To make the connection with the Painleve VI tau-function, we put all higher times 



u 



for n > to zero. Then Sk{u^'^^ — u^''^) becomes J" . Using (12.371) we can 



express this tau function in t and /i, viz. we substitute 

U2 - Ui = h, M3 - Ml = - . 

Since r(z/; u) is homogeneous of u-degree R^ (see (14.31) . we find that 

T{u;t,h) = h^ To{u;t) 



and 



f \miU2+UiU2+'^li^3+l'2l^3 



To{u;t) = —^ det(Tj,) 
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where 

nii+ui 



T — (3) \^ F 4- 



min{mi +ui,mi —1712 } 
'1 / J -'-'2nii—m2—m3~j+l,2mi—m2~m3—j+l~f~ 

i=i 

mi-m2 / mi+i/2 

\^ (7//^) \^ fU-"^2~U2-i) p , 

/ ^ I "^2 / ^ '' J^mi+U3+j,-m3+mi+i~r 

i=l \ j=l 



mi+U3 

(2) 

3 / ^ -^ -^j,-m3+mi+4 






(5.5) 



Here t'-"-* stands for the divided power 

n\ 

Note that we use the convention that n! = oo for n < 0, such that l*^"-* = -^ = t*^"-* = 
^ = 0. 

6 An example 

Now assume that /ii = —4, /i2 = —2, /is = 0, i^i = —3, z/2 = —2 and z/3 = —1. Then 
i?2 = 3. From (ESU) we find 

vi = 2, f 2 = 0, V3 = —2 and V4 = —1 . (6.1) 

and equation (12.62^ with (i, j, fc) = (3, 2, 1) yields for the PVI parameters : 

1 3 

a = -, /3 = -2, 7 = 2, and (5 = --. 
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Then 



ih/tfdet 



/'-f 


-r 











\ 


(3) 
2 


-f 


-f 





(2) 





6 


2 


-f 


^3 


(2) 


(2) 


t2^^' 


t«;f 


^f 





(2) 





2 


43^3) 


2 


t«;f 


t.f 


tt^f 


(2) 
^2 


6 


\ 








./;f^ 





u.f ' j 



Thus 

where 

and 

Then 



To = ^ {Di + 3D2t^ - 2D2t^) , 

n (3)/ (2) (3) (3) (2)n 

D = W\ [W2 W\ — ^2 W3 ) 

r^ (3)/ (2) (3) (3) (2)^ j^ (3)/ (3) (2) (2) {3)x 

iJl = W73 (W^ W2 — W{ W2 ) D2 = W2 [Wi W3 — W{ W3 ) . 

^Di-2Dit-2Z}2t^ + D2t^ 

a = ^ 



and according to fl2.66p this gives a Painleve IV solution (11. lip , presented in the 
introduction. 

From fl2:63|) and (1234]) we get 



together with 



This time the solution of the Painleve VI equation (11.51) takes the form 
y= I {-D,+2D,t + 2D2t^~D,t^y' 

{-DzH^ + 3 Dzh^ -QDi Dgh'^ 

+42 Di DgH^ - 57 Di DgH^ + 27 D^'^Dg t' + 27 D^ Dgh'^ 

-57Di^D2t'^ + 42Di^D2t^ -GDi^Dzt"^ + 3tDi^ - Di^) 



vi = -2, V2 = 0, 


vs = 2 


and f4 = — 1 . 


9 

« = -, P = -2, 


7 = 2, 


and 6 = — . 



as dictated by relation (I2.66p . 

Interchanging V2 with vs in equation (16.11) . which can be done by choosing /i2 = 
and /is = —2 (this does not change the tau-function), yields 



« = 2' /^ = 0' 7 



and 6 = - . 
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according to equation fl2.62p with (i,j, k) = (2, 1, 3) . The corresponding solution of 
the Painleve VI equation fll.Sp reads: 

y= [Di +D2t^ -3D2t^ + 3D2ty^ [Di^ -6Di Dzt^ 
+4 Dt D2 t^ + DsH^ + AD2Di t) "' {D2 t) 

{-15t'^Di^ + 7tDi^ + 9t^Di^ - Di^ + 6D1 D2t^ -26 Di D2t^ 
-6 Di D2 t^ + 26 Di D2t^ -9 D2H^ - 7 DsH^ + 15 DsH^ + 02^1^) 

7 Wave matrix 

We want to calculate the wave matrix corresponding to v_. For this we let the 
fermionic field il)^^^\z) act on G|0). Then 

\ i/Gsupp r 



J2 {-r^^-^'^-^z^^^''^^\ '"^ " r(i/;u)|z/i + 5,-i,z.2 + 5,2,z/3 + M 



Now let $ij(z^; u) be the coefficient of |z/i + ^a, V2 + 5i2^ ^3 + ^is) of this expression, 
i.e., this term corresponds to 

then 






For every z/ G supp r we define a wave matrix \1' (z/; u) as follows 

3 00 



^(z/; u, z) = e(z/; u, 2) exp ( ^ J] z^'E. 

vj=l n=l 






W(z/;u, ^^ — ' 



e(z/; u, z) = (e(z/; u, 2:)ii)i<i^<3 with 
r{u;u)Qij{u;u,z) = 

sign(i - j>^'"~^ exp I - ^ — ij)^ ] "^^^^ "^ ^*^ ~ '^■^'i' ^^^ + '^«2 " '^i2, «^3 + Sis - (5^3; u) 
\ fc=i ^""fc / 

(7.1) 
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The coefficient of 2; ^ of Q{u;u,z) is the matrix 9^ ^H^!^); see (12. 2p . The off- 
diagonal elements are the rotation coefficients (3ij{u_; u) (see (12.121) ). Now 

A,(i^; u) = sign(. - J) ^^^^ + ^-^ ~ ^^'^ '^^^ + ^:' - ^^;^_;^^ + ^-^ ~ ^^''^ "^ (7.2) 



r(^z/i,z/2,z/3;u 



Using (14.31) it is easy to deduce that 



deg^(Aj(z/; u)) = -I - Ui + i^j . 

If we then put in (17.21) all higher times Un = for n > and make the substitution 
(I2.37p . then ior k ^ i,j we find that 



Pijiu;t,h) 



— ^\( _\'^l{^i2+Sj2)+l^l+l^2+l^3+'^k 



l^\ ''j-Vi-l 



-sign{i-j){ 



Looking at (13. Sp it is clear that for j = 1,2,3: 



det(T(^^^+Sn-Sji 



'^2+Si2-Sj2,l'z+SiS—5j3)/ 



det{T(^ui,u2,u3)) 



(7.3) 



-(i) 



G|0) 



7^0 



for k > m 
for k < m 



7 ' 



7 ' 



or in other words 



y^j sr ,„(j'),/,+w 



J]<V+^'n^)G|o) 



is a non-negative power series in z. It is easy to see that in fact for i = 1,2, 3: 

3 

1=1 

is a non-negative power series in z, with nonzero constant term. Using the boson- 
fermion correspondence this term corresponds to 



z^, 



Thus we have shown that 



e=i 



z"'^'^(u-u,z) 






contains no negative powers of z. Stated in another way this means that 

n(z/;u,z) :=^(z/;u,z)^o^~^ 

has no negative powers of z and the constant coefficient is an invertible matrix 
M(z/;u). 
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8 Conclusion/Outlook 



In summary we have shown how the general Painleve VI equation and its class of 
solutions are obtained from a self-similarity reduction of a 3-component KP hierar- 
chy. We have shown how reduction is imposed through restricting group elements 
g in the Riemann-Hilbert factorization to be of special form determined by five 
independent scaling parameters. These parameters specify the scaling laws of the 
underlying dressing matrices and values of Painleve VI coefficients through simple 
relations. 

The particular advantage of our construction is that it allows for an explicit 
construction of the tau function solutions of the sigma-form of the Painleve VI 
equation in terms of elementary Schur functions using Grassmannian techniques. 

The approach outlined in this paper offers powerful techniques to study sym- 
metries of the Painleve VI equation which originate in the formalism of Backlund 
transformations within the setup of a 3-component KP hierarchy. The work is in 
progress to develop detailed and exhaustive results within this conceptual frame- 
work. 



A Appendix: Calculation of the tau function 

Consider the matrix A given in (15.31) . replace the indices such that E_i_j becomes 
E,,! ,• , 1 then A has the form 

mi— ms 3 mi+i/i^ — 1 

i=l fc=l j=0 

mi— 7112 3 mi+Uf^ — l 

+ 2^ 2^/fc (^) 2^ Sj-m2-Uk-i+liu^ ')E3j+A-k,~m3+mi+i 
i=l fc=l j=0 

p—mi—ui 

+ 2^ -^3(mi+!/i+i),-m3-m2+2mi+i K-^-^) 

i=l 
p—mi—U2 

~r / ^ ^'i{m-i+V2+i) — 'i-,—ra3,—m,2+ra\+p—u-i+i 
i=l 
p-mi-1/3 

~r / _, -^3{mi+i/3+i)—2,—m3—m2+2p—ui—i/2+i ■ 
i=l 

Next permute the rows of this matrix, then we obtain that 
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where 

mi—mg 3 mi+i'fc — 1 

i=l k=l j=0 

mi— 1712 3 mi+i^fe — 1 

+ 2^ Z_^fk (^) 2^ 'S'j_m2_i,^^_j+i(M )£'(3_fe)p+j+i _m3+mi+j 
i=l fc=l j=0 

p— mi— i^i 

~r / ^ -CV2p+mi+z^i+i,— 7713— m2+2mi+j ^ ' ^ 

1=1 
p— mi— ^2 

+ / ^ -C/p_|_mi+iy2+i,— ma- m2+mi+p— i/i+i 
1=1 
p-mi-i/3 

+ / ^ -C/mi+i^a+i,- m3— m2+2p— i/i— ;^2+« • 
j=l 

Now developing the determinant to the last columns we obtain that 
where 

mi— m3 3 mi+i/i; 

4 = 1 fc = l j = l 

mi—m2 3 mi+!^fe 

i=l k=l j=l 

Now note that det(C) = det(D), 

mi— m3 3 mi+i^fc 

^= Yj Y^k Y 'S'j-m3-i.fc-i(M^''^)^(3-fc)mi+Ep>fe^-P+i,i 
j=l k=l j=l 

mi— 1712 3 TTll+V}^ 

+ 2^ Z^^fc Z^ Sj-m2-Uk-i{u )-E'(3_A;)mi+X;p>fei'p+i,-m3+mi+J • 
j=l fc=l i=l 

Next multiply D from the right with the matrix (with determinant 1): 



mi— ma mi— 7712 



(A.3) 



(A.4) 



4j=l i,j=l 

Thus det(D) = det(i5), for E as in (15.41) . Here we have used that 3mi + z/i + z/2 + t'3 = 

2ini — 7712 — ITT-S- 
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